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THEORYFORDETERMININGVALUESOFTURWHNT AERODYNAMIC

FRICTIONANDHEAT-TRANSFERCOEFFICIENTS

By DorothyB.LeeandMaxime

SUMMARY

A. Faget

A modifiedmethcdofVanDriest*sflat-platetheoryforturbulent
boundarylayerhasbeenfoundto simplifythecalculationoflocalskin-
frictioncoefficientswhich,inturn,havemadeitpossibleto obtain
throughReynoldsanalogytheoreticalturbulentheat-transfercoeffi-
cientsintheformofStantonnumber.A generalformulaisgivenand
chartsarepresentedfromwhichthemodified
Machnumbers1.0to 12.0,temperatureratios
numbers0.2x 106to 200x 106.

II?IRODUCTION

methodcanbe solvedfor
0.2to 6.o,andReynolds

VanDriest’stheoryhasbeenfoundtobe themostconvenientofthe
turbulenttheoriesasa meansof estimatingskintemperaturesforthe
_ flightt?@eCtOrieS at theLsngleyPilotlessAircraftResearch
Divisionforvarious~ch nwbers,temperatureratiosjandReynolds
numbers;thetheory hS wgeed well ~th -f?=imental ~~= How==rj
VanDriest’sequationchnnotbe solveddirectlyanda rapidmeansof
obtainingtheoreticalvalueswasdesired.Inasmuchas thepresentation
ofVanDriestlstheoryintheformofplotsin sufficientlysmallincre-
mentsforaccurateandeasyinterpolationwouldrequiretoomanyplots
tobe practical,a modificationwasdevisedwhich,withoneequationsmd
threecharts,givesvaluesof skin-frictioncoefficientsintherangeof
hkchnunibers1.0to 12.0,temperatureratios0.2to 6.o,andReynoldsnun- “-
“hers0.2x106 to 200xI-O6. Thismodifiedmethodalongwiththenec-
essarychartsispresentedherein.

Cf

CP

SYMBOLS

~ G
localskin-frictioncoefficient,

pfl= YXL
specificheatofairat consta@pressure,BI!U/lb-W
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g

h

k

M

‘St

R

T

v

x

z

Y

P

T

v

UJ

gravitationalforce,32.2ft/sec2

aero@mml.cheat-trsnsfercoefficient,

correctionfactor

Machnumber

Stantonnumber,

Reynoldsnumber,

temperature,%
.

velocity,ft/Bec

h
gPvcp

pvx
T

characteristiclength,ft

‘i

IE17U/sec-ft2-%’
●

—

—

,-

slopeof straight-lineapproximationof cf againstR .“
(fig.1)

ratioof specificheats,1.4 .

densityofair,slugs/cuft

““f?’?:-shearstress;slugs/ft-kec —.—
. ,-

y
absoluteviscosityofair,slugs/ft-sec

()0.)
constantinpowerlawforviscosity,namely,~ = v.$

Subscripts:

w wall

m free-streamcondition

s straightline
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●
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DISCUSSION

MethodforTurbulentFlow

VanDriest’sflat-platet$eo~ forWrbulentboundarylayer(ref.1)
intheformass theVon 6 Jaw -for length
(ref.2) is~%%di ntheaoni%!?%locals kiationas’

Y-l&p ,J+Y+%2 - ~ ‘“-”‘o76“--‘“
. A2 = ‘: B= u=.

Tw/Tm- Tw/TW . ~
&
— .

Thevalueof cf,m obtainedfromeqgation(1)maybe usedto deter-
minetheheat-trensfe~coefficientintheformofStantonnumberaccording
toreference3: ~ “-”—-’?- 1:

;Nst= o.6cf : (2)
-—. __——

Somevalues of cf wereobtainedfromequation(1)fora rangeof

‘w from0.2to 6.o,Machnumbersfrom1.0to E2.0,and R ,from0.2x106
~

to 200x 106witha punched-tapedigitalcomputermakingasmanyas
11 iterations.Thecurvesof cf againstR on logplotsforgiven
Machnur&ersandtemperatureratioswerefoundto closelyapproximatea

.

straightlinefairedthroughthevaluesforReynoldsnumbersof1 x 106

. and40x 106,as H be seenfr~ thetmicalplotsin fi~es l(a)
and l(b)whichareforMachnumbersof1 and5,respectively,andfor.,

“ Tw
.

~

of0.2,2.o,and6.0.Thisstraightlinecanbe expressed
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cf,6 = $

andsince cf,~ isequalto Cf at R . 1 x 106,

A= (c~)R=l=06 h x ‘06)’

Thus,

NACATN 38Ki

(3)

(4)

.

.

—

,

>
.

Inorderto evaluateZ it isnecessaryto substituteanothersetof
valuesintoequation(4),suchas R = 40X 106 and cf atR. 4OX1O6 .

and

() CfR=1x106
‘f%40~06

H

‘4OX1OZ
~

,

—

‘:0’+%%5 ,
(5)log 40

It canbe seenthat,witha chartof cf at R = 1 x 106 anda plotof
Z as a functionof M and TV

~ valuesof c c be obtainedeas~f,s
Tfromequation(k)foranyconditionsof M, -&Z, and R.
m

.
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Valuesof Z fora rangeofMachnuuibersfrom1.0to 12.Oat tem-
peratureratiosof0.2to 6.ohavebeencomputedfromequation(5) by
usingvaluesof cf at R = 1X106 andR. 40x 106 obtainedfrom
thesolutiononthedigitalcomputerofVanDriestlsequation.(See
eq.(1).) Thevaluesof cf arelistedintableI. Thevaluesof Z
areshownin figure2(a)plottedagainstMachnuuiberforseveraltemper-

Tw
atureratios.A crossplotof Z aga~nst~ forseveralMachnumbers

is shownin figure2(b)whichcanconvenientl~be usedto aidin inter-
polation.Accuratevaluesof cf calculatedby thedigitalcomputer

fora valueof R of1 x 106foruseineq~tion(4)me show in fig-
ure3(a)plottedagainstMachnuniber

Twagainst~“

BecauseVanDriest’scurvesof
straight-lineexpressionofequation.
enton R isnecessaryfora higher

andarecross-plottedin3(b)

cf againstR departfromthe
(4),a correctionfactork depend-
degreeofaccuracy.Thelocalskin-

frictioncoefficientcanthenbe written
.

Cf= kcf,~ (6)

Valuesof k havebeendeterminedby comparingcf,s withsolutions
ofVanDriest’sequationforMachnuaibers1, 3, 6, 9, and12,at temper-

atureratiosof0.2,2.0,and6.o,andatReynoldsnunibersof0.2x 106,

4 X106, 10X 106,and200x106. Figure4 givesthecorrectionfactor
k againstR forthethreetemperatureratiossndcanbe usedforall
Machnumbersfrom1.0to 12.0since k provedtobe almostinvariant

, withI&chnumber.

Thepresentmethodconsistsin solvingequation(4)for cf,s by

useof figures2 snd3 andthendeterminingcf fromequation(6).by
use of figure 4. This procedureyields values of cf well within
kl.OpercentofVanDriestlstheory.If cf,~ isnotcorrectedfor
k (fig.4),thevalueobtainedwillbe within+3.0percentofthetheory

.
for R between0.5x 106and100x 106.

.
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.
LemLnarFlow

As a matterofconveniencea chartisincludedforthedetermination ●

of Nst forlaminar-flowconditions.Figure5 isa plotof NSt~~

TagainstM forvariousvaluesof ~ obtainedfromreference4.
T.

ACCURACY

Thebasicvaluesof cf at R = 1 x 106 and R . 40x106
(figs.3(a)and3(b)andtableI),whichwerecomputedfromVanDriest’s “-
equation(eq.1)by thepunched-tapedi.gi~alcomputerwithseveraliter-
ations(approximately11),arecorrectto foursignificantfigures.

Thecurvesof Z (figs.2(a)and2(b))arefairedsmoothfrom
pointtopointandwhenusedineqpation(4)willgiveessentiallyexact

agreementat R=lx106and R=40x 106.

Themaximumerrorin k duetoneglecting
*0.75percent.

CONCLUDINGREMARKS

theinfluenceof M is
.

—
.

A modifiedmethodofVanDriest’sflat-platetheoryforturbulent
boundarylayerhasbeenfoundto sinrpli~thecalculationoflocalskin-
frictioncoefficient-swhich,inturn,havemadeitpossibleto obt@n
throughReynoldsanalogytheoreticalturbulentheat-transfercoefficients
intheformofStantonnumber.A generalformulaisgivenandcharts
arepresentedfromwhichthemodifiedmethodcanbe solvedforMachnum-
bers1.0to 12.0,temperatureratios0.2to 6.o, endReynoldsrnuibers
0.2x 106to 200x 106.

LangleyAeronauticalLaboratory,
NationalAdvisoryCommitteeforAeronautics,‘

LangleyField,Vs.,June20,1.956.

.
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VALUESOFSKIN-FRICTIONCOEFFICIENT

cf at R=l x106

0.5
1.0
2.0
3.0

4.0
2.:

7:0

8.0
9.0
10.0
L2.o

).oo~loo
.00494
.004290
.003596

.002978

.002475

.002078

.001764

.001516

.001317

.001156

.000913

).004170
.004070
.003709
.003258

.0028u

.002417

.002084

.Oolmg

.001581

.001394

.001237

.000995

).(x)3673
.003603
.003345
.003005

.002652

.002325

.002036

.001788

.001582

.001407

.001258

.001025

cfat R= 40x106

.7
1.0
2.0
3.0

4.0
5.0
6.0
7.0

8.0
9.0
LO.O
12.0

.003033

.002915

.002537

.002113

.001736

.001433

.001193

.001006

.00085$

.000742

.0006M

.Orxy)g

).0029930.002610
.002948.002578
.002800.002475
.002593.002328

.002357.002153

.002126.001974

.oo19Q7 .cQ1798

.001711.001635

.001539.001489

.001389.001357

.oo1259.001241

.001047.001046

.002383.002048

.002321.0020Q7

.002107.001857

.001838.001660

.001577.001456

.001346.0W267

.001152.001102

.000993.000962

.000852

.000754

.000666

.(X)0530

.000845

.000746

.000663

.000533
I

,001607 .001370
.001.583 .001350
.001499 .001293
.001382 .Ool.al

.001250 .oo1115

.001120 .001016

.000999 .000921

.0008%1 .000833

.000796 .000754

.000714 .000683

.000643 .000620

.000328 .000517

).002350
.002328
.002251
.002137

●002000
.001854
.001708
.w1568

.001441

.001323

.00L218

.001039

).oo2m5
.002000
.001950
.001875

.001779

.001675

.001566

.001460

.001357

.001262

.001173

.001017

f

.OOI21O

.oo1195

.001154

.Oologl

.001017

.000938

.Ocn%o

.000785

.000717

.(200655

.000599

.000505

.001000

.000997

.000970’

.000930

;~o:;’

.000767
●ooo711

.000658

.000608

.000562

.000482

.—

.

.

,“

.
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(a) Mach nomber of 1.

Figurel.- Variationoflocalakin-frictioncoefficientwith ReynoldB
nuniber.
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(a)Variation withMachmuiberforseveraltemperatureratios.

Figure2.-Valuesof Z as a functionofMachnumberandtemperature
ratio.
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(b)VariationwithtemperatureratioforseveralMachnumbers.

Figure2.-Concluded.
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(a) Variation with Mach number for sevemiltemperatureratios.

Figure 3.-hmal skin-fl?lctioncoefficientfora Reynoldsmmberof
1 x 106aaa function of Mach number ad temperatureratio.
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(b)VariationwithtemperatureratioforseveralMachnumbers.

Figure3.-Concluded.
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Figure .5.- Local.heatwbxansfercoefficientfor
of a compressiblefluid flowingalong

12 lb 16 18 20

laminsr boundery layer
a flat plate.
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